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Abstract--Techniques of differential algebra re used to derive an observer-based controller for 
bilinear systems. The generalized observability canonical form (GOCF) and the generalized controller 
canonical form (GCCF) introduced by Fliess are the main ingredients inour approach. Our controller 
actually achieves both stability and tracking by linearizing the tracking error. The controller is then 
of error-driven type; the dynamics of the error is estimated by an observer in the closed loop. 
Keywords--Exponential  observer, Stabilization, Output tracking, Bilinear systems, Differential 
algebra. 
1. INTRODUCTION 
In recent years, a variety of approaches have been proposed in the synthesis of observers and 
control. A considerable number of researchers have studied the stability and output tracking 
problems of dynamical systems using the commonest mathematical tool in nonlinear control 
theory of today: differential geometry. However, if the nonlinearities involved are all polynomial, 
there are methods from algebra that can be used instead. It has been shown by M. Fliess that 
the differential algebra is a natural mathematical tool for dealing with polynomial systems, where 
the bilinear systems are a special class of these polynomial systems. 
We treat the stability and output tracking problems for bilinear systems from the dynamical 
feedback error linearization strategy. The approach is based on Fliess' generalized observabil- 
ity canonical form (GOCF) and generalized controller canonical form (GCCF) which are easy 
consequences of the differential primitive element heorem [1-3]. Recall that, from the external 
behavior of the system, Fliess' GOCF is a generalized state description of the system where, in 
general, the state dynamics equations are control-dependent, including a finite number of the 
control t ime derivatives. 
The controller we propose is obtained by means of exact linearization of the tracking error 
dynamics. In general, it is necessary to use an observer for the tracking error dynamics in order 
to implememt such a controller. The observer we use is a high-gain observer [4,5]. Finally, we 
check that the separation principle is satisfied: the overall system consisting of the plant and the 
observer-based controller is stable. 
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This note is organized as follows. In Section 2, we introduce some definitions and notation 
used in this paper. The stabilization and output tracking problems by means of an exponential 
observer, using the differential algebraic approach, are dealt with in Section 3. Some concluding 
remarks will close the paper. 
2. GENERALIZED OBSERVABILITY CANONICAL FORM AND 
GENERALIZED CONTROLLER CANONICAL FORM 
We start this section by introducing some definitions and notation which are useful in this note 
[W71. 
DEFINITION 1. A differential field extension L/K is given by two differential fields, K and L, 
such that 
(i) K is a subfield of L, and 
(ii) the derivation of K is the restriction to K of the derivation of L. 
DEFINITION 2. Let u be a single differential indeterminate and let K be a differential field, with 
derivation denoted by “$ “. 
A dynamics is defined as a finitely generated differentially algebraic extension G/K(u) of the 
differential field K(u), where K(u) denotes the differential field generated by k and the elements 
of a finite set u = (111,212,.  . , u,) of differential indeterminates. 
DEFINITION 3. A set S = {&Ii E I} f I o e ements in L is said to be differentially K-algebraically 
dependent if and only if the set of derivatives at any order 
{ 
$&Ii E I; vi = 0, 1,2,. . .} is 
K-algebraically dependent, i.e., the elements {&} satisfy some algebraic differential equation. A 
set which is not differentially K-algebraically dependent is said to be differentially K-algebraically 
independent. 
DEFINITION 4. Consider a subset {u, y} in a dynamics G/K(u). An element zc in G is said to 
be observable with respect to {u, y} if it is algebraic over K(u, y). This means that xc can be 
expressed as an algebraic function of the components of {u, y} and a finite number of their time 
derivatives. Therefore, a state z is said to be algebraically observable if and only if is algebraically 
observable with respect to {u, y}. 
DEFINITION 5. A dynamics G/K(u) with output variable y in G is said to be algebraically 
observable if and only if any (generalized) state is so. 
According to the theorem of the differential primitive element there exists an element < E G 
such that G = K(u,t). The transcendence degree n of G/K(u) [1,2], which is equal to the 
dimension of the system (l), and is the smallest integer such that <(“I is K(u)-algebraically 
dependent on f, 2, 
( 
. . . . S} which is a transcendence basis of G/K(u) [1,2]. 
Defining the following change of variable of the form <i = s 1 I i 5 n. It is clear that 
the {&}zi is a transcendence basis of G/K(u) al so. Hence, a nonlinear generalization of the 
controller canonical form is given by 
l<iln-1, @a) 
(1-b) 
where D(., . . . , +) is a polynomial with coefficients in K. If one can locally solve for % in (l.b), one 
obtains an explicit system of first-order differential equations, known as the generalized controller 
canonical form (GCCF): 
Observer Based Tracking 53 
d~i 
d--t=~i+l' l< i<n-1 ,  
d(~)u~ 
d~----~ = Lc ~,u, ? ,  d-dt~ ]dt " ' "  ' 
for "r a strictly positive integer. 
Now, let y be the scalar output and let n be the smallest integer such that d~ is algebraically dt n 
dependent on 
{ dy dn- ly  du d~u} 
Y' -d- / " ' "  dt n - l 'u '  d--[ '"" dt ~ ' 
i.e., 
dy d n- 1 y du d ~u amy -Lo  y, ... u, . . 
dt ----~ = --d-t' ' dt n - l '  --d-["" ' dt ~ ] 
t in -  1 
Defining the following change of variable 0i = ~ ;  1 < i < n, then one can write a local state 
space representation which has the special form of a generalized observability canonical form 
(GOCF) 
dfh 
d-T = 0~+1, 1 < i < n - 1, (2.a) 
don = - Lo (0, u, du d~ u ~ 
dt -d r " ' "  dt ~ ] '  (2.5) 
Y=01 
for v a strictly positive integer. 
3. A DIFFERENTIAL  ALGEBRAIC  APPROACH TO 
ASYMPTOTIC  STABIL IZAT ION AND OUTPUT TRACKING 
Consider the following bilinear system: 
Jc = Ao + A~ui x + Bu, 
i= l  / 
y = Cx + Du, 
(3) 
where x = (x l , . . . ,Xn)  E R n, u = (ul,.--,Urn) E Rrn, y E R,A~, 0 < i < m; B, C, and D are real 
matrices of appropriate sizes. Suppose that system (3) is observable in the Diop-Fliess ense [6]. 
By defining 0i = ~,  1 < i < n locally, we obtain an explicit GOCF of system (3) as follows: 
~i=0i+l, l< i<n-1 ,  (3'.a) 
du (a'.5) 
~n=-Lo  O,u , -~, . . . ,  dt~ ] ,  
y = 01, 
for some ~ > 0. 
Now, let yR(t) be a prescribed reference output function which is differentiable at least n times. 
The asymptotic output tracking problem consists in finding a dynamical controller described by 
a time-varying scalar ordinary differential equation, which is possibly implicit, and which has as 
input: 
(a) the output reference signal yR(t), together with a finite number of its time derivatives 
1 < i<n,  and 
(b) the state coordinates rh of the system. 
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The controller is supposed to produce a scalar function u, which locally forces y to asymptotically 
converge towards yR(E). 
Define an output tracking error function e(t) as the difference between y(t) and signal yR(t), 
e(t) = y(t) - yR(E). (4) 
all-1 
By definition, f/i is equal to the (i - 1) th time derivative of y(t), that is, ~/i = ~,  for 1 < i < n. 
Then, we have 
d'e(E) d~yR(t) 
dE i = fh+l dt i , i< i<n-1 ,  (5) 
( a~u)  dnyR(t) (6) dne(t) d~,~ d~yn(t) - Lo  ~?, u, du 
dt n = dt dt ------C- = -~ ' " "  -d~ dt n 
v-~n-1 i Let p(s) = s n + 2.,i=o ais be a Hurwitz polynomial. By requiring a linear time-invariant au- 
tonomous dynamics for the tracking error function, 
dne(t) n-1 die(t) 
tit-----if- + E a , - -~- -  = 0, (7) 
i=0 
and by virtue of (5) and (6), it follows that (7) may be rewritten as 
that is 
d~rt dnyR(t) "4- ~-~ai-1 ~i di-lyR(t) ]
dt dt-------ff~ i=l ~ j = 0, (s) 
, [ d'- ly '(E)I  • du dQu~ dnyR(E) E ai-x ~i 7 "J (9) 
- Lo  fh U, d--t ' "  " dt~ ] = dt n i=l 
This scalar time-varying differential equation implicitly defines u, which accomplishes a ymptotic 
stabilization to zero for the tracking error, in a manner entirely prescribed by the set of constant 
design coefficients {ao, a l , . . . ,  an- l} .  
for 1 < i < n, as components of an error vector e, we obtain By defining e~ = at,-~ , 
dei 
d-~ = ei+l, 1 < i < n -  1, (10.a) 
den n 
dt = - ~ ai-xe~, (10.b) 
i=l 
or in compact form 
du 
-L0 CR(t) +e ,u , -~, . . .  
where 
de 
d-'t = Fe, (11) 
~ dnyR(t) = - ~ ai-xei, (12) 
dyR(t) d"-lyR(t)~ 
CR(t)=¢ol yR(E), dE " "  ~ } '  
e(t) = Col(el(E), e2(t) , . . . ,  e,(t)), 0) 
F= ..o 1 " 
- -  0 --al ... --an-1 
The origin, e = 0, is an equilibrium point for the tracking error dynamics (10). 
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We assume that the solution u of (12) is defined for all time, and is bounded for all bounded 
functions yn(t) which also exhibit bounded derivatives. Note that the dynamical feedback con- 
troller depends on the state vector of the tracking error dynamics, which should be estimated by 
means of an observer. 
Now write system (10) as follows: 
dyn(t) d~yn(t) du d~u~ 
~(t) = Ee(t) +~ e(t),yn(t), dt " ' "  dt - -~ 'u ' -~ ' " " -~-~- ] '  
where the elements of the matrix E are given by 
{1, 
Eij = 5~j_ 1 = O, 
and 
(e(t), yn(t), dyR(t) dnyn(t) du d~u~ 
dt ' ' " '  dt--- ~ , u, -~, . . . , dt~ ] 
i f i= j -1 ,  
i f i+ lC j ,  
I o I 0 
du d#u~ dnyn(t) 
-Lo  Cn(t) + e(t),u, ~ ' r , ' " ,  dr, } dr- 
Then, the estimation of the tracking error e(t) = y(t) - yn(t) is given by an exponential nonlinear 
observer (O) [4,5] of the form 
(O): ~(t) = E~ + ~ @(t),yn(t), dyn(t)dt . . . .  ' dny--n(t)t  , u, ~-[,...,du d~--'-u~t7 ] - S~IcT(c~(t )  - el(t)), 
where Sz¢ is the solution of the equation OS~ + ETsoo + SooE - cTc  = 0, for 0 > 0. Let, 
) du~ d~ue dnyn(t) + Ea i_ l~ i ( t )  = 0, p(ue, yn(t),~(t)) = -Lo  Cn(t) + ~(t),ua, dt " ' "  -d~ dr------W-- i=1 
and u~ be the observer-based control resulting from p(u~, yn(t), ~(t)) = O. 
The dynamics of ~(t) and co(t) = ~(t) - e(t), the estimate tracking error and the observation 
error, respectively, are given by 
( dyR(t) dnyR(t) due d 'u~) _s~lcT(c~( t ) _e l ( t ) ) ,  
6(t) = E~(t) +~ ~(t),yR(t), dt ' ' " '  dt-------~-,ue, dt ' " "  dt~ 
~o(t) = ( E - S~XCT C)eo(t) + ~(eo(t), ~(t) which becomes 
{$(t )  = F~(t) - SjolcT (c~(t) - el(t)), 
(E):  ~o(t) = (E - SgolcTC)eo(t) + O(eo(t), ~(t)), 
where 
) = yR(t), @(e0(t), 
\ 
due d~ue dyn(t) dnyn(t) u~, , . . . ,  
dt ' ' ' "  dt -----g--' dt dt~ ] 
- ~ e(t),yn(t), d~yn(t-------~),u~, , . . .  . dyn(t) 
dt ' ' ' "  dt n dt ' dt~ ] 
We assume that 
(A1) @(co(t), ~(t)) is globally Lipschitzian in R n with respect o co(t), and uniformly with respect 
to ~(t), and 
(A2) the signals u~ and its derivatives up to n at least are bounded. 
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THEOREM. Let u~ be the linearizing dynamic state feedback obtained from p( u~ ,y~(t), ~(t)) = 0. 
Suppose that assumptions A1 and A2 are satisfied. Then the closed loop system (3 ~) with control 
u~ is globally asymptotically stable. 
PROOF. The proof uses the following Lyapunov function: 
v(e(t) ,  ~o(t)) = Vl(e(t)) + v2(~o(t)), 
with 
Vl(~(t)) = ~T(t)P~(t); V2(eo(t)) = e~(t)S~eo(t), 
where P and Se~ are symmetric positive definite matrices, and P is such that FTP + PF = - I .  
Let us show that V is a Lyapunov function for the system (~--~). Taking the derivative with 
respect o time, we have 
~r 1(~(t)) < -oL~ T (t)P~(t) + ~T (t)ps~lcTCeo(t) +e~ (t)C T CS~Ip~(t), 
I~'2(eo(t)) = -8e~ (t)S~eo(t) +2ero (t)Soo¢(~(t), co(t)) - ,~ (t)cT Ceo(t), 
for some constant a > 0. 
Denote by Ilxlls~ the norm (xTSoox) 1/2 and by using the Schwarz inequality, we obtain 
f'l(~(t)) < -all~(t)ll~ + 2~(e)ll~(t)llPII,o(t)lls~, 
f'2(e0(t)) _< -Olleo(t)ll~ + 211e0(t)lls~ II¢(e(t),co(t))lls~ -IICeo(t)ll 2, 
where Ier(t)PS~XCreeo(t)l < ~(O)ll~(t)llPIleo(t)lls~, for some constant #(O). Using the partic- 
ular form of ~(e0(t), ~(t)) and Soo and the fact that ¢(eo(t), ~(t)) is globally Lipschitzian in R n, 
we obtain 
II¢(~(t), e0(t)lls~ _< "flle0(t)lls~ 
for some constant 7. It follows that 
yi(~(t))  = 
~( ,o ( t ) )  = 
dll~(t)ll~ < -~l l~(t) l l~ ÷ 21z(0)lleo(t)lls~ II~(t)llP, 
dt 
dlle°(t)ll2S'<dt _ -2  (~-7) [ [e0( t ) [ '~  •
Finally, we get 
dll~(t) l}P 
< -211~(t) l lv + ~(O)lleo(t)lls~; dt 
Hence, the solutions are of the form 
{ _1 
II~llP < II~(o)llve-(~/2)* + ~lleo(O)lls~ ~ _.~ _ 
Ile011s= -< Ileo(O)lls=e-((~/=)-7)'. 
We choose/9 such that/9 > 27 + a. 
This completes the proof. 
d[[eo(t)]]scc _ (0_  7)He0(t)Hs~ • 
1 } e- ( (6 /2 ) -7 ) t  q- 0 ~ e - (a /2 ) t  , 
2 "Y 
4. CONCLUDING REMARKS 
An observer-based controller has been proposed for a class of bilinear systems. In particular, 
sufficient conditions have been given to guarantee the stability of the closed-loop system including 
the observer. 
Concerning the multivariable case, this technique can be extended to a class of multivaxiable 
systems with a suitable canonical form. Stating a general result is not easy, due to the lack of 
the observability's canonical form. 
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